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Introduction

@ combinatorial Tsirelson spaces;
@ Tsirelson-type spaces;

@ Tsirelson spaces (the first example of spaces containing no isomorphic copies of ¢
or {p for 1 < p < 0).
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Introduction

What are the (linear) isometries
of combinatorial Tsirelson spaces?
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Basic concepts

Basic concepts

o [N]=“ is the family of finite subsets of N,

e For Fy, F, € [N]=¥
F1 < Fp if maxF; < min Fp,

@ Forne N
Fi<n ifF1<{n},

@ For x1,x € cyo

x1 < xp if maxsupp x; < minsupp xo.
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A family F C [N]<“ is regular, whenever it is simultaneously
o hereditary (F € Fand GC F = G € F);
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A family F C [N]<“ is regular, whenever it is simultaneously
o hereditary (F € Fand GC F = G € F);
o spreading ({/,h,...,Ih} € Fand [; < ki = {ki, ko,..., kn} € F);
@ compact as a subset of the Cantor set {0, 1} via the natural identification of

F € F with
XF=Y e €{0,1}"
ieF

Natalia Maslany Isometries of combinatorial Tsirelson spaces



Basic concepts

Basic concepts

A family F C [N]<“ is regular, whenever it is simultaneously
o hereditary (F € Fand GC F = G € F);
o spreading ({/,h,...,Ih} € Fand [; < ki = {ki, ko,..., kn} € F);
@ compact as a subset of the Cantor set {0, 1} via the natural identification of

F € F with
XF=Y e €{0,1}"
ieF

A, ={F e [N]*“:|F|<n}u{d} (neN)
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Schreier sets S;
e {2,3}
o {4,9,5}
o {nn+1,...,2n—1}

e {2,3,4}
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Basic concepts

Schreier sets S;
e {2,3}
o {4,9,5}
o {nn+1,...,2n—1}

e {2,3,4}

o {2,3,4} = {2,3} U {4}
o {2,3,4,7,100,5} = {2,3} U {4,7,100,5}
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Basic concepts

Schreier sets S;
e {2,3}
o {4,9,5}
o {nn+1,...,2n—1}

e {2,3,4}

° {2,3,4} = {2,3} U {4}
e {2,3,4,7,100,5} = {2,3} U {4,7,100,5}
e {3,5,7,n,n+1,....2n—1} ={3,5}uU{7}U{n,n+1,...,2n—1}
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Basic concepts

Definition

Given a countable ordinal «, we define the Schreier family of order « inductively:
o Sy = Aj;
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Definition
Given a countable ordinal «, we define the Schreier family of order « inductively:
o S = Ay;

@ if o is a successor ordinal

d
Sat1 ::{Us(;: d<SL<S2<---<Sdand {Si}7, csa}u{(o};

i=1
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Basic concepts

Basic concepts

Definition

Given a countable ordinal «, we define the Schreier family of order « inductively:
o Sy = Aj;

@ if o is a successor ordinal

d
Sat1 ::{Us(;: d<SL<S2<---<Sdand {Si}7, csa}u{(o};

i=1

e if ais a limit ordinal and (a,),2; is a fixed strictly increasing sequence of
ordinals converging to «

S :={Sa, € [N]*¥: S,, € Sa, for some n <minS,,} U {0}.
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Basic concepts

Basic concepts

For x € cpo and E € [N]<“ let Ex be the projection of the vector x onto the
coordinates belonging to E, i.e.

)
E E aiXj | = E a;Xj.
i=1

i€E
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Basic concepts

Fix 6 € (0,1). Let F be regular family and || - || be the supremum norm on cy.
Suppose that for some n € N the norm || - ||, has been defined.

v
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Fix 6 € (0,1). Let F be regular family and || - || be the supremum norm on cy.
Suppose that for some n € N the norm || - ||, has been defined. Then

[Xllnt1 := maX{IIXIIm

d
sup {QZ HEI.XHH; Ey <--- < Eyin [N]<“ and {min E}9, € F}}
i=1

v
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Basic concepts

Basic concepts

Fix 6 € (0,1). Let F be regular family and || - || be the supremum norm on cy.
Suppose that for some n € N the norm || - ||, has been defined. Then

[Xllnt1 := maX{IIXIIm

d
sup {QZ HEI.XHH; Ey <--- < Eyin [N]<“ and {min E}9, € F}}
i=1

We define the norm
lIxlo,7 := sup [|x[|
neN

and denote by T[6, F] the completion of cyp with respect to it.

v
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Basic concepts

0

° T[Q,Sl] for 6 € (0,1) - Tsirelson-type spaces;
1
2

,81] - Tsirelson spaces.
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Motivations

Theorem (K. Beanland)

Let n € N with n > 2. Then U: T[%,Sl] — T[l Sl] is an isometry iff

n?’

o iew(,-), 1<i<n 0
Ue,—{ +e;, i>n e

for some permutation 7 of {1,2,...,n}.
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A Motivations
Motivations

Motivations

Theorem (K. Beanland)

Let n € N with n > 2. Then U: T[%,Sl] — T[l Sl] is an isometry iff

n?’

o iew(,-), 1§i§n .
Ue,—{ +e;, i>n e

for some permutation 7 of {1,2,...,n}.

.

Problem

Characterize surjective isometries on T[6, F] for 6 € (0,1) and regular families F.
The case of § = % and S, for some countable ordinal o > 1 is especially interesting.

v
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Main theorem

Let 0 € (0,3]. If U: T[0,81] — T[0,S1] is an isometry, then

o j:ew(,-), 1<i < ’7971—‘ .
vy = { e, i [0 (i €N)

for some permutation 7 of {1, 2,...,[671] }
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Main theorem

Let 0 € (0,3]. If U: T[0,81] — T[0,S1] is an isometry, then

ua:{immlsiSWW

e, i [0 (i € )

for some permutation 7 of {1, 2,...,[671] }

Let 0 € (0,3],1 < a < wy. Then an operator U: T[0,S,] — T[0,S,] is an isometry
iff Ue; = Le; for i € N.
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Main theorem

The idea of the proof of Th. 2. for S)-sets

For any m € N find

1 <y2<:--<Ym

such that
lyi—x;ll <e, i=1,2,...,m

for some values of isometry X; , X}, ..., X;

m*
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Main theorem

The idea of the proof of Th. 2. for S)-sets
For any m € N find
NnN<y<---<ym

such that
lyi—x;ll <e, i=1,2,...,m

for some values of isometry x; , xj,, ..., X;,- )

Why is this possible?

o The basis (¢)%2; is 1-unconditional,

A\,
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Main theorem

The idea of the proof of Th. 2. for S)-sets
For any m € N find
NnN<y<---<ym

such that
lyi—x;ll <e, i=1,2,...,m

for some values of isometry x; , xj,, ..., X;,- )

Why is this possible?

o The basis (¢)%2; is 1-unconditional,

o (€)% is weakly null,

@ (g is dense in T[0,Ss].

A\,
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Main theorem

The idea of the proof of Th. 2. for S»-sets
Ensure that

Q {ji.j2,---,jm} is @ maximal Sp-set

Natalia Maslany Isometries of combinatorial Tsirelson spaces



Main theorem

Main theorem

The idea of the proof of Th. 2. for S»-sets
Ensure that

Q {ji.j2,---,jm} is @ maximal Sp-set
(2] { min supp y2, minsupp y3, ..., min suppym} is an Sp-set.
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Main theorem

The idea of the proof of Th. 2. for S»-sets

Ensure that
Q {ji.j2,---,jm} is @ maximal Sp-set
Q { min supp y2, minsupp y3, ..., min suppym} is an Sp-set.

v

How to do it?

o Fix ji,

v
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The idea of the proof of Th. 2. for S»-sets

Ensure that
Q {ji.j2,---,jm} is @ maximal Sp-set
Q { min supp y2, minsupp y3, ..., min suppym} is an Sp-set.

v

How to do it?

o Fix ji,

o Take jo such that
2 > max {j1, maxsupp y1 },

v
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Main theorem

The idea of the proof of Th. 2. for S»-sets

Ensure that
Q {ji.j2,---,jm} is @ maximal Sp-set
Q { min supp y2, minsupp y3, ..., min suppym} is an Sp-set.

v

How to do it?

o Fix ji,

o Take jo such that
2 > max {j1, maxsupp y1 },

@ Choose 'j3- many' vectors y; in the same way.

v
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Main theorem

The idea of the proof of Th. 2. for S»-sets

Ensure that
Q {ji.j2,---,jm} is @ maximal Sp-set
Q { min supp y2, minsupp y3, ..., min suppym} is an Sp-set.

v

How to do it?

o Fix ji,

o Take jo such that
2 > max {j1, maxsupp y1 },

@ Choose 'j3- many' vectors y; in the same way.

Repeat it ('j1- many’ times) to obtain a maximal Sp-set from indieces j;.
v
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Thank you for your attention!
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